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Abstract
In this paper we establish an existence of solution theorem and an existence of bifurcation point
theorem for Hammerstein integral equation whose kernel is supposed neither symmetric nor positive
defined. To prove our result, we use the Tychonoff fixed point theorem. In particular, our bifurcation
result is directly comparable with an analogous one recently established by F. Faraci.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we deal with the existence of solution to the following Hammerstein inte-
gral equation:
u(x) = λ
∫
Ω
k(x, y)f
(
y,u(y)
)
dy, (Pλ)
where λ ∈ R, Ω is a Lebesgue measurable subset of RN , k ∈ L∞(Ω×Ω) and f :Ω×R→
R is a Carathéodory function.
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G. Anello, G. Cordaro / J. Math. Anal. Appl. 298 (2004) 292–297 293In these settings, we obtain two different results for equation (Pλ) by using the same
approach developed in [6] in a more general context. The first result, Theorem 2.1, stated
and proved in Section 2, assures the existence of λ¯ > 0, whose lower bound is given, such
that, for all λ ∈ [−λ¯, λ¯], (Pλ) admits a solution in L∞(Ω) whose norm tends to zero as
λ → 0.
In Section 3, our second result treats the case in which (Pλ) is supposed to have the
trivial solution and gives the existence of a nontrivial one. More precisely, 0 turns to be a
bifurcation point for (Pλ) in L∞(Ω). We recall that λ0 ∈R is said to be a bifurcation point
for (Pλ) in L∞(Ω) if (0, λ0) belongs to the closure in L∞(Ω) ×R of the set{
(u,λ) ∈ L∞(Ω) ×R: u is a solution of (Pλ), u = 0
}
.
Just in this connection, very recently, problem (Pλ) was studied in [2] by means of vari-
ational methods. In that paper, in particular, it is required that the kernel is symmetric,
positive defined and essentially bounded and that the integral domain is compact. Within
the same approach we also cite [3], where the authors deal with changing sign symmet-
ric kernels obtaining some existence and multiplicity results for (Pλ), with λ = 1, under
completely different assumptions from ours.
The aim of the present paper is twofold: on one hand we will see that, restricting the
study of problem (Pλ) to the existence of solution, it is enough to assume that the kernel
is essentially bounded and that the function f satisfies a summability condition weaker
than the one required in [2]. On the other hand, under further suitable assumptions, which
do not imply that the kernel is symmetric or positive defined, we obtain a bifurcation re-
sult with the same conclusion of Theorem 2.1 in [2] (where, as quoted above, the kernel
needs to be symmetric and positive defined). Finally, we want to point out that, besides the
measurability, no other conditions are required on the integral domain Ω .
For other recent results on Hammerstein equations we refer the reader to [5,7] and
references therein.
2. Existence of solution
Let Ω , k and f be as in the Introduction. In these settings, our main results in this
section is as follows.
Theorem 2.1. Assume that there exist a real constant c > 0 and a function ψ ∈ L1(Ω)
such that
sup
|z|c
∣∣f (x, z)∣∣ψ(x) (a.e. x ∈ Ω).
Put
λ¯ = c‖k‖L∞(Ω)‖ψ‖L1(Ω)
,
then, for all λ ∈ [−λ¯, λ¯], integral equation (Pλ) admits a solution wλ ∈ L∞(Ω) and it
results
lim sup
‖wλ‖L∞(Ω)
|λ|  ‖k‖L∞(Ω×Ω)‖ψ‖L1(Ω).λ→0
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given for clearness. We also point out that, as usual in L1(Ω), the strong convergence is
intended as the convergence with the respect to the norm-topology.
Lemma 2.2. Let k ∈ L∞(Ω × Ω) and Φ :L1(Ω) → L1(Ω) be defined by
Φ(v)(x) =
∫
Ω
k(x, y)v(y) dy
(
v ∈ L1(Ω), x ∈ Ω).
Then, for every sequence {vn} weakly converging to v in L1(Ω), the sequence {Φ(vn)}
strongly converges to Φ(v) in L1(Ω).
Proof. Let {vn} be a sequence in L1(Ω) weakly converging to v. Then, {vn} is bounded
in L1(Ω) and Φ(vn)(·) → Φ(v)(·) pointwise a.e. in Ω , being Φ(·)(x) a continuos linear
functional on L1(Ω). Since |Φ(vn)(x)| ‖k‖L∞(Ω) supn∈N ‖vn‖L1(Ω) < ∞ for all x ∈ Ω ,
we conclude by applying the Lebesgue’s convergence theorem. 
Proof of Theorem 2.1. Without loss of generality we assume that ψ ∈ L1(Ω) \ {0}. Put
r = ‖ψ‖L1(Ω), M = ‖k‖L∞(Ω×Ω) and λ¯ = c/(rM). Fix λ ∈ [−λ¯, λ¯], we define
g(v)(x) = f
(
x,λ
∫
Ω
k(x, y)v(y) dy
)
for all v ∈ L1(Ω) and x ∈ Ω . Finally, we set
K = {v ∈ L1(Ω): ∣∣v(x)∣∣ψ(x) a.e. x ∈ Ω}.
The set K is clearly not empty, closed and convex. Moreover, being K integrably bounded
it is weakly compact in L1(Ω) (see, for instance, [1, Theorem 1, p. 101]).
Now we show that g(K) ⊆ K . Let v ∈ K , one has
ess sup
x∈Ω
∣∣∣∣∣λ
∫
Ω
k(x, y)v(y) dy
∣∣∣∣∣ |λ|Mr  c,
then, by hypothesis, it follows that∣∣g(v)(x)∣∣ sup
|z|c
∣∣f (x, z)∣∣ψ(x) (a.e. x ∈ Ω),
that is g(v) ∈ K .
In order to prove the weakly continuity of function g in K , taking into account
Theorem 7 of [4, p. 313], it is enough to show that its graph is sequentially weakly
closed. Then, consider a sequence {(vn,wn)} in graph(g) weakly convergent to (v,w)
in L1(Ω) × L1(Ω). By Lemma 2.2, the sequence {∫Ω k(x, y)vn(y) dy} is strongly con-
vergent to
∫
Ω k(x, y)v(y) dy in L
1(Ω). Since f is a Carathéodory function, {wn}, where
wn = g(vn) for all n ∈ N, pointwise converges, up to a subsequence, to g(v)(·) a.e. in Ω .
Hence the sequence {wn}, whose elements belong to K , converges strongly to g(v) in
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(v,w) ∈ graph(g). This proves that graph(g) is sequentially weakly closed.
By the fixed point theorem of Tychonoff, there exists v¯ ∈ K such that v¯ = g(v¯). Put
wλ(x) = λ
∫
Ω
k(x, y)v¯(y) dy
for every x ∈ Ω , our end is to show that wλ satisfies the thesis. In fact, we have
wλ(x) = λ
∫
Ω
k(x, y)v¯(y) dy = λ
∫
Ω
k(x, y)f (y,wλ) dy
for a.e. x ∈ Ω . Furthermore it results that
∣∣wλ(x)∣∣ |λ|
∣∣∣∣∣
∫
Ω
k(x, y)v¯(y) dy
∣∣∣∣∣ |λ|‖k‖L∞(Ω×Ω)‖ψ‖L1(Ω)
for a.e. x ∈ Ω , owing to the fact that v¯ ∈ K . 
3. A bifurcation result
In this section we deal with the case in which the Hammerstein integral equation (Pλ)
has the trivial null solution. The conditions, we propose here, allow us to find and localize
a solution when λ > 0 is small enough. In particular, 0 is a bifurcation point for (Pλ). The
proof is similar to that of Theorem 2.1, so we omit some redundant passages referring the
reader to the previous section.
Theorem 3.1. Let Ω , f , k be as in the Introduction with f (x,0) = 0 for a.e. x ∈ Ω and
D ⊆ Ω with m(D) > 0. Assume that
(1) there exists α ∈ ]0,1[ such that
lim inf
ξ→0+
ess infx∈D f (x, ξ)
ξα
= µ > 0;
(2) there exist c > 0 and ψ ∈ L1(Ω) such that
(a) sup|ξ |c |f (x, ξ)|ψ(x) for a.e. x ∈ Ω;
(b) for a.e. x, z ∈ D, y ∈ Ω \ D and all ξ ∈ [−c, c], one has
k(x, y)f (y, ξ) 0, k(x, z) 0 and
∫
D
k(x, τ ) dτ = η¯ > 0.
Then, there exists λ¯ > 0 such that, for all λ ∈ ]0, λ¯], there exists a solution wλ ∈ L∞(Ω)
of (Pλ) satisfying ess infx∈D wλ(x) > 0 and
lim sup
λ→0+
‖wλ‖L∞(Ω)
λ
 ‖k‖L∞(Ω×Ω)‖ψ‖L1(Ω).
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0 < δ  c, such that
ess inf
x∈D f (x, ξ) >
ξαµ
2
(3.1)
for all ξ ∈ ]0, δ]. Set λ¯ = δ/(Mr), choose any real number λ ∈ ]0, λ¯] and
η ∈
]
0, min
{
λα/(1−α)
(
µη¯
2
)1/(1−α)
, δα
(
µη¯
2
)}[
.
Then we define the set
K =
{
v ∈ L1(Ω): ∣∣v(x)∣∣ψ(x) a.e. x ∈ Ω, ess inf
x∈D
∫
Ω
k(x, y)v(y) dy  η
}
.
Let us show that K = ∅ because f (·, δ) ∈ K . Indeed, by the choice of δ and condition (a)
of (2), one has∣∣f (x, δ)∣∣ψ(x)
for a.e. x ∈ Ω . Moreover, taking into account of condition (b) of (2) and (3.1), it turns out
that ∫
Ω
k(x, y)f (y, δ) dy =
∫
Ω\D
k(x, y)f (y, δ) dy +
∫
D
k(x, y)f (y, δ) dy  µη¯
2
δα  η
for a.e. x ∈ D. It is easily seen that K is convex and closed in L1(Ω). Moreover, being K
integrably bounded, it is also weakly compact. Define g :L1(Ω) → L1(Ω) by
g(v)(x) = f
(
x,λ
∫
Ω
k(x, y)v(y) dy
)
for all v ∈ L1(Ω) and x ∈ Ω . At this point, it remains to prove that g(K) ⊆ K because
the conclusion follows by the same arguments used in the proof of Theorem 2.1. Then, for
every v ∈ K , we already know that∣∣g(v)(x)∣∣ψ(x)
for a.e. x ∈ Ω , see the above mentioned proof for details. Moreover, by the choice of λ, we
have
ess sup
x∈Ω
∣∣∣∣∣λ
∫
Ω
k(x, y)v(y) dy
∣∣∣∣∣ δ,
and, for a.e. x ∈ D, λ ∫Ω k(x, y)v(y) dy  λη. So, it follows that∫
k(x, y)g(v)(y) dy =
∫
k(x, y)g(v)(y) dy +
∫
k(x, y)g(v)(y) dyΩ Ω\D D
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∫
D
k(x, y)f
(
y,λ
∫
Ω
k(y, τ )v(τ ) dτ
)
dy
due to condition (b) of (2) and (3.1)
 λαηα µ
2
∫
D
k(x, y) dy = η¯λαηα µ
2
 η
for a.e. x ∈ D. Therefore the thesis is proved. 
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